In this paper, a continuous Bertrand duopoly game model with delay is investigated. Using time delay as the bifurcation parameter, a Hopf bifurcation is found to occur when the delay passes a critical value.
Introduction
In [2] , Ma and Si considered the following continuous Bertrand duopoly game model with two-stage delay:
where p i denotes the price of product i (i = 1, 2), w ∈ [0, 1], a i , b i , c i , d i , v i > 0 (i = 1, 2), τ 1 and τ 2 are delay parameters. Investigating the influence of delay on the stability of the system around its Nash equilibrium point E 4 = (p * 1 , p * 2 ), where
they showed that the stability of system (1) depends on the delay and weight. As a result, in order to maintain stability of price and ensure the firm profit, the firms must control the parameters in the reasonable region. Otherwise, the system (1) will lose stability, and even into chaos, which will cause fluctuations in prices, the firms cannot be profitable.
In this paper, we will focus on the bifurcations and chaos phenomenons of their model under the assumption τ 1 = τ 2 = τ. System (1) reduces tȯ
and also in this case, using the delay as the bifurcation parameter, we find that a Hopf bifurcation occurs when this parameter passes through a critical value, i.e., a family of periodic orbits bifurcates from the equilibrium.
Existence of Hopf bifurcation
System (2) has a characteristic equation given by
where
When there is no time delay, i.e. τ = 0, (3) can be written as λ 2 + (A + C)λ + B = 0. Since A + C > 0 and B > 0, Eq. (3) has a pair of roots with negative real parts. In conclusion, the equilibrium E 4 = (p * 1 , p * 2 ) is locally asymptotically stable in absence of delay.
Let τ > 0 and assume Eq. (3) has a purely imaginary solution of the form λ = iω (ω > 0). It follows from (4) that
Since B 2 > 0, Eq. (5) has the unique positive root
Solving Eqs. (4) yields
Thus, there exists a sequence of positive numbers τ + j (j = 0, 1, 2, ...), defined by
and (3) has a pair of purely imaginary roots ±iω + when τ = τ + j . Let λ (τ ) be the root of (3) near τ = τ Furhermore. λ = iω + is a simple root of the characteristic equation (3).
Proof. Differentiating (3) with respect to τ we derive
Hence, one has dλ dτ
From (3), we see that e λτ = − (Cλ + B) /(λ 2 + Aλ). Substituting it into (9), yields dλ dτ
Then, we can obtain
Finally, a calculation gives
completing the first part of the proof. Next, we prove that λ = iω + is a simple root of (3) when τ = τ According to the previous result, when λ = iω + , the only crossing of the imaginary axis is from left to right as τ increases. Thus, the stability of the equilibrium point E 4 = (p * 1 , p * 2 ) can only be lost and not regained. Based on our analysis,, we can obtain the following theorem about local stability and Hopf bifurcation of system (2) by applying the Hopf bifurcation theorem for delay differential equations [1] . Theorem 2.2. For system (2) the following results hold. 1) When τ < τ + 0 , the equilibrium E 4 = (p * 1 , p * 2 ) of system (2) is locally asymptotically stable.
2) When τ > τ + 0 , the equilibrium E 4 = (p * 1 , p * 2 ) of system (2) is unstable.
3) When τ > τ + 0 , system (2) exhibits a Hopf bifurcation.
